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STATISTICAL-MECHANICAL CALCULATIONS OF 
THE SURFACE FREE ENERGY AND ANCHORING 

TRANSITIONS 

A.V.ZAKHAROV 
St .Petemburg Institute for Machine Sciences, Russian 
Academy of Sciences, St .Petemburg, 199178, Russia 

Abstract 

A statistical-mechanid theory which takes into account the corre- 
lat ions between translational-translat ional, orient at ional-orient at ional 
and mixed correlations, based upon the method of conditional distri- 
bution functions, is applied to calculations of the surface free energy 
and anchoring transitions of a system composed of interacting ellip- 
soidal molecules near an interacting wall. 

1 Introduction 
Among the surface properties of liquid crystals(LCs) which have been 
a subject of intense interest for many years, one, known as anchor- 
ing, plays a crucial role in the fabrication of LC displays. In this 
paper I shall restrict myself to the anchoring of nematic liquid crys- 
tals (NLCs), although other mesophases have been shown to exibit 
similar behaviour [l]. 

Recent theoretical studies have shed significant light on this phe- 
nomena (2 - 10). However, the underlaying physical mechanisms are 
not yet fully understood. 

Recently a kind of Bethe theory, which takes account of intercell 
pair correlations for describing NLC systems composed of interacting 
ellipsoidal molecules near an interacting wall has been proposed(ll1. 
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But in this approach, only one orientation of the director, parallel 
to the surface (homogeneous anchoring) has been investigated. 

The aim of the present paper is to extend the above approach in 
order to describe not only homogeneous anchoring, but investigate the 
question of which orientation of the director rrirt = cos-'(n. k), where 
n is the director and k is the normd vector to the surface, minimizes 
the Helmholtz free energy. 

!L Model 
I consider a one-component fluid consisting of molecules with coordi- 
nates i ( r j ,e i ) ,  describing the molecular positions ri and orienta- 
tions ei (lei1 = l) of prolate ellipsoids of revolution, of major semiaxis 
011 and minor semiaxis 01, respectively, in contact with a solid planar 
Wall. 

One uses a statistical scheme in which the total volume V of the 
system of N molecules is divided into n molecular layers parallel to the 
solid wall. In layer L there are NL cells, so that N = C N L ,  and the 
volume of each cell is u = V / N .  The model which is used here assumes 
that every cell is occupied by a molecule and thus the number of 
cells equals that of molecules, which seems reasonable for a condensed 
system. The potential energy associated with the N paxticles is a 
s u m  of potentials U = $Ci+j @ ( i j )  + xi O ( i )  , where @(ij) is the 
intermolecular pair potential which depend on the positions qi and 
qj and orientations e; (lei1 = 1 )  and ej of molecules with numbers i 
and j, and O ( i )  is the molecule-wall potential which depend on the 
position qi and orientation e; of the molecule with number i. 

The theory is based on the method of conditional distribution func- 
tions. Details are given in Ref.[ 111. The molecules are taken to interact 
pairwise via  the Gay-Berne [12] intermolecular potential 

where rij = lqjj I - g(ei, ej, eij) + go, and ei,ej are , respectively, unit 
vectors along the molecular symmetry axes, q i j  the vector between the 
molecular centers, and eij = qij/lqijl. The potential energy param- 
eter E(e;, ej, eij) and size parameter a(e;, ej, eij) are angle-dependent 
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functions defined in Eqs.(3),(4) and IS)-( lo), reepectively, of hf.[12]  
The former depends on the molecular elongation or length-to-breadth 
ratio 7 (denoted q / o l  in Ref.[12]) while E(ei,ej,eij) depends on both 
7 and another parameter which can be used to adjust the ratio be- 
tween the end-to-end and side-by-side well depth, denoted C ~ / E ~ .  In 
our calculations the parameters and Y of Ref.[l2] have been fixed at 
the values 1 and 2, respectively. 

The presence of the wall is suggest that the nematic molecules 
occupy the half-space z >_ 0 (the x-axis of the coordinate frame is 
chosen to be normal to the wall), and the space-fixed z- axis is chosen 
so that the nematic director lies in the $2 plane. The wall also interacts 
with the iiivlecules at 2 2 0 through a long-range anctioriug potential, 

The energy parameter E~ and size parameter u,,, are also angle-dependent 
functions defined in Eqs.(20),(21) of Ref.(l3], respectively, and cow = 
E Q ,  and E is a strength parameter, ti denotes the distance from the 
wall to the molecule i , and ei = (e;,=, ei,#, ei,,) . 

Henceforth, the strength €0 of the interaction in (1) is used as 
the unit of energy, while the minor diameter of the molecules, ~ 1 ,  is 
the unit of distance.In these units, the theory involves the number of 
independent microscopic parameters,namely, the reduced volume w' = 
u / u l ,  the reduced temperature B = hT/c,, the strength parameter E 

and anisotropy parameter 7. The latter was chosen to be 7 = 3. 
The equilibrium surface free energy (SFE) profile at the solid- 

nematic fluid interface corresponding to the layers can be expressed 
by means of the functions + ~ ( i )  = nj+j+i;(i), for i E L (for details 
see Eq.(23) in Ref.[ll]) as 

where t,b~(i) is the singlet full mean force potential(MFP) correspond- 
ing to the Lth layer, satisfying the Eq.(13) Ref.[11], and &i) is the 
hll bulk MFP. 

In the absence of external fields or boundaries, the free energy of a 
nematic is independent on the direction of the director n. However, if 
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the translational symmetry is broken, for example by a solid mr- 
face, the free energy of the system will depend in general on the direc- 
tion of n, and the molecules will adopt the orientation that miiiirnizes 
it. 

I have obtained solutions of the theory outlined in the sectioii 2 
Ref.[llJ over a wide range of values of the temperature 8 and volume 
v+,  for each such state including a scan over values of the bulk tilt angle 
7filt = cos-'(n k), i.e. the angle between the bulk director and the 
z axis. The associated surface free energy fs was calculated for each 
state and value of 7:ilt from 0 to 5 with the step of Artilt = s. The 
final value of the tilt angle had been chosen providing the minimum 
surface Helmholtz free energy. 

In the general case, of course, one should investigate the question 
which orientation of the director rtjlt(L) for each perturbed layer min- 
imizes the Helmholtz free energy and describe the equilibrium rfilf( L) 
profile at the solid-nematic fluid interface. 

One can readly see from Fig.1, that for the case of a strong in- 
teraction between the solid wall and nematic phase (tour = k,) the 
value of the tilt angle which provide the minimum of f8 is 3/ti[t = 5 
(Fig.1, curve 1)( homogeneous anchoring). All oblique orientations of 
the director (Fig.1, curves 2,3) not provide the minimum of f a ,  as 
well homeotropic (Fig.1, curve 4) one. The dependence of the scaled 
SFE j#  on the reduced temperature 0 = kT/ t ,  is plotted in Fig2 for 
the case of a weak interaction (cow = 0.5~,), and for scaled volume 
u/at = 4.0. Such behavior of the fa shows that the values of the tilt 
angle which provide the minimum of SFE axe 

2n oblique anchoring, for 0.5 5 0 5 0.575 
oblique anchoring, for  0.575 5 6 5 0.75, 'YtiLt = 

and characterized by a conical to conical anchoring transition approx- 
imately at the reduced temperature 8 M 0.575. 

The fact that the homogeneous anchoring more preferable in the 
case of a strong interaction between the solid surface and nematic 
phase not strange, because the direct interaction between the solid wall 
and nematic molecules approximately in the five times more (cow = 
5.06,) than the interaction between nematic molecules. In the case of 
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0.50 0.55 0.60 0.65 0.70 0.15 

0 
Reduced temperature d=kT/c 

Fig.1. Temperature dependence 8 = kT/Eo of the reduced surface 
free energy - f r /c0 ,  for the case of a strong interaction (caw = 5.0~0) 
between the solid wall and nematic phase for different values of the tilt 
angle: ?tiit = a (homogeneous anchoring)(curve 1); 7tilt = (oblique 
anchoring) (curve 3); 7tilt = 6 (oblique anchoring)(curve 2); ?tilt = 0 
(homeotropic anchoring)(curve 4), respectively. 

D
ow

nl
oa

de
d 

by
 [

U
ni

ve
rs

ity
 o

f 
C

al
if

or
ni

a,
 S

an
 D

ie
go

] 
at

 2
1:

59
 2

0 
A

ug
us

t 2
01

2 



134/[674] A.V. ZAKHAROV 

0 
c =0.5 c 

01 

0.50 0.55 0.60 0.65 0.70 0.75 

reduced temperature Ijj=kT/E 0 

Fig.%. Temperature dependence 8 = kT/eo of the reduced surface 
free energy -f#/ro, for the case of a weak interaction (cow = 0.560) 
between the solid wdl and nematic phase for different values of the 
tilt angle: "/tilt = 0 (homeotropic anchoring) (curve 3); ~ ~ j l ~  = (ho- 
mogeneous anchoring) (curve 4); 7tirt  = 9 (oblique anchoring)(curve 
2); 7tjn = 6 (oblique anchoring)(curve l), respectively. 
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a weak interaction between the solid surface and nematic phase due 
to the character of cell correlations and the strong interaction among 
molecules which compose of the nematic phase, the director prefer 
oblique anchoring. The fact that with increasing of the temperature 
take place anchoring transition from one type of oblique orientation 
of the director to other, which characterized by decreasing of the tilt 
angle, shows that the influence of the surface on the nematic phase 
decrease. 

3 Conclusion 
In this paper has been developed a statistical-mechanical theory which 
takes into account of intercell pair correlations for describing the equi- 
librium surface free energy and different type of anchoring transitions 
at the solid-nematic fluid interface. The calculations have been carried 
out for a cubic close packed system composed of molecules interact- 
ing by means of the Gay-Berne potential and with a (9-3) like ori- 
entation dependent molecule-wall interaction and shows that for the 
case of a strong interaction (few = 5.0~~) the value of the tilt angle 
which provide the minimum of SFE is Ttilr = $ (homogeneous an- 
choring),whereas for the case of a weak interaction = 0 . 5 ~ ~ )  take 
place oblique to oblique anchoring transition, which chwacterized by 
decreasing of the tilt angle. 

The key results are that,for strong strength of the substrate po- 
tential, there is only one orientation of the director, perpendicular to 
the surface (homogeneous anchoring), which minimizes the free en- 
ergy. When the substrate strength is decreased the easy axis makes 
an angle with the normal to the surface with is neither zero nor 
(oblique anchoring). The fact that with increasing of the temperature 
take place anchoring transition from one type of oblique orientation 
of the director to other, which characterized by decreasing of the tilt 
angle,seems encouraging. These transitions akin to those observed 
experimentally by Ryschenkow and Kleman[12] and Di Lisi et aI [13]. 

The calculation also show that the number of distinct layers which 
must be taken into account depend mainly on the character of cell 
correlations. The anisotrotic solid potential is strong idlucrict: 011 
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the alignment of the nematic molecules in the first layer. However, 
after the first layer the character of cell correlations become relatively 
more important and the order parameter rj-( L) = ( Pz(L)(cos Si)) , where 
P~(cos Bj) is the Legendre polynomial of order 2, reach the bulk value 
after three layers. The same character of the behavior of the nematic 
molecules at the solid wall has been observed in the framework of the 
mean-field theory for the Helmholtz free energy of an inhomogeneous 
molecular fluid [3]. 
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